We study here the quasi-normal mode stability of a near-extremal Kerr superspinar, an exotic spinning compact object that exceeds the Kerr bound, under gravitational perturbations. Despite previous beliefs that these objects would be mode unstable, we show by analytically treating the Teukolsky equations that these objects are infact mode stable under almost all (barring a zeromeasure set) boundary conditions.
INTRODUCTION
The spacetime geometry in the exterior of the asymptotic end state of a generic gravitational collapse for a rotating matter cloud is expected to be given by the Kerr solution of the Einstein equations [1] . The Kerr metric [2] has conventionally been used to describe a rotating black hole or a naked singularity, depending on the angular momentum parameter J and mass M of the compact object. When the Kerr bound J ≤ M 2 is not violated, the final spacetime contains a Kerr black hole, that is, formation of an event horizon takes place, and in the case otherwise, a Kerr naked singularity occurs.
Properties of both classes of Kerr spacetimes, namely the black hole and naked singularity configurations, have been explored in great detail in various contexts such as, the structure of ergoregions [3, 4] and shadows [5, 6] , efficiency of energy transfer from accretion disks [7] , highly energetic particle collisions [8] , gravitomagnetic spin-precession [9] , to name a few. The overall picture that emerges is that if both Kerr black holes and Kerr naked singularities exist in nature, it might be possible to distinguish them from astrophysical observations. However, the question of whether these objects do, in fact, exist ubiquitously in nature falls within the ambit of a stability analysis of their corresponding exterior spacetimes. The quasi-normal mode frequencies (QNFs) of Kerr black holes were obtained after a vigorous study [10] [11] [12] [13] , and it was eventually established that Kerr black holes are indeed mode stable, in the seminal work of Whiting [14] . On the other hand, the QNFs were also obtained recently for the Kerr naked singularity spacetimes [15] , and it is likely that the Kerr naked singularities may not be mode stable. Now, given that the Kerr naked singularity spacetime is unstable against mode perturbations, does this mean that studies of its properties must be abandoned? Following [7] , we adopt the following perspective. Singular metrics are solutions of the classical Einstein equations and the expectation is that a deeper theory of quantum gravity would smear out these singularities, irrespective of whether or not they are covered from asymptotic ob-servers by event horizons. Therefore, it is possible that quantum gravity could introduce classes of legitimate compact objects such that their exterior geometries are described by metrics that were classically nakedly singular, but with their central singular regions excised and replaced by regions governed by Planckian physics. As argued by [7] , string theory, a popular candidate for the quantum theory of gravity, has proven to be exceptionally good at resolving spacetime geometries with various timelike singularities, and such singularities in general relativity (GR) could in fact represent new classes of legitimate compact objects in the string-theoretic completion of GR (see for example the pair of papers, [16, 17] .) Therefore, following [7] , we introduce the notion of a Kerr superspinar, a third exotic class of Kerr compact objects, whose exterior geometry is given by the overspinning Kerr metric (J > M 2 ). However, this hypothetical exotic object is assumed to have a finite size which, in the usual Boyer-Lindquist coordinates, is denoted by r = r 0 > 0. That is, the exterior spacetime of the Kerr superspinar is identical to that of the Kerr naked singularity, but its interior metric is treated as being unknown, and assumed to be provided by the full UV-complete theory of gravity.
An attempt to study the mode stability of these singularity-excised spacetimes was recently made [18] . To better understand what this entails, it is useful to remember that the study of mode stability of any given spacetime requires us to solve the linearized Einstein equations with 'appropriate boundary conditions.' Irrespective of the spacetime under consideration, one imposes the condition that there are no sources at asymptotic infinity, i.e. there is no incoming radiation at infinity. As for the boundary condition at the inner edge, in the case of black hole spacetimes, one naturally imposes perfectly absorbing boundary conditions at the horizon. However, for exotic objects like Kerr superspinars, there is no such 'natural' boundary condition for incoming modes at its surface, and one must find quasinormal modes and their frequencies for each possible boundary condition. Pani et al [18] used a variety of boundary conditions that included all previous studies, and they found employing a numerical approach, that superspinars are typically likely to be unstable.
The equation governing the evolution of quasi-normal modes of the Kerr spacetime was discovered by Teukolsky [10] . Recently, motivated by insight into the pole structure of the Teukolsky equation, we revisited the issue of mode stability of near-extremal (J M 2 ) superspinars in [19] . As a first step, we imposed boundary conditions identical to those that are imposed in the case of a black hole at its horizon, i.e. purely absorbing boundary conditions at the surface of the superspinar r = r 0 . In this particular case, r 0 can be thought of as being the location of a 'stringy horizon' of the Kerr superspinar. As an ansatz, we set the quasi-normal frequency spectrum of the near-extremal superpsinar to be identical to the nearextremal black hole and showed that for these boundary conditions, this spectrum is allowed. This ansatz was backed by the results of the numerical studies in [18] . There it was discussed that near-extremal superspinars with stringy horizons are indeed mode stable. Therefore, the overspinning Kerr geometry could possibly admit legitimate interior solutions and must hence not be discarded without further exploration.
In the current work, our purpose is to maximally extend our results to include arbitrary boundary conditions, imposed at the surface of the superspinar. We find that barring a zero-measure set of boundary conditions, corresponding to 'almost perfectly reflecting boundary conditions', near-extremal superspinars are in fact generically mode stable.
THE TEUKOLSKY EQUATION
The Kerr metric in Boyer-Lindquist (BL) coordinates (t, r, θ, φ) is given as,
where we have employed geometrized units G = c = 1.
In the above, we have introduced the specific angular momentum a = M a * = J/M , with ∆ = r 2 − 2M r + a 2 ,
The discovery of a single master equation that determined the evolution of separable perturbations of various types of fields (scalar, electromagnetic and gravitational), with a spin-weight parameter s characterizing the type of the field was reported in a seminal paper by Teukolsky [10] . There, it was argued that with the introduction of the Kinnersley complex null tetrad [20] , the electromagnetic field can be characterized by its Newman-Penrose [21] components. Further, it was identified that the φ 0 and φ 2 components correspond to the ingoing and outgoing radiative parts of the field. Similarly, gravitational radiation is described by perturbations in the Weyl tensor C αβγδ , the traceless component of the Riemann tensor, and has ingoing and outgoing radiative parts given by ψ 0 and ψ 4 . These quantities are well-behaved invariants under gauge transformations and infinitesimal tetrad rotations. Teukolsky unified the perturbation treatment of all types of perturbative fields (scalar, electromagnetic, gravitational) by introducing a master variable,
where ω will acquire the interpretation of being the characteristic quasi-normal frequency (QNF), when the appropriate boundary conditions are imposed and is, in general, complex. As mentioned already, the appropriate boundary conditions for the above perturbations to be treated as quasi-normal modes are that there be no incoming waves at spatial infinity. Imposing this condition, we investigate here the QNFs of outgoing gravitational field perturbations, corresponding to ψ 4 . In this case, we can write ψ 4 = (r − ia cos θ) −4 ψ, as can be seen from Table 1 of [10] , for s = −2.
The governing linearized Einstein equations of motion for this class of perturbations ψ are called the Teukolsky equations, and in terms of the radial R lm and angular S lm functions, are given as,
where |s| denotes the spin of the perturbing field, i.e., |s| = 0, 1, 2 for scalar, electromagnetic and gravitational (|s| = 2) perturbations. F = s F l m,ω with the integer l larger than or equal to max(|m|, |s|) is the separation constant equivalent to the eigenvalue of (4) with the boundary conditions of regularity at θ = 0 and π, K := (r 2 + a 2 )ω − am and λ := F + a 2 ω 2 − 2amω.
In the case of a 2 < M 2 , r = r ± := M ± √ M 2 − a 2 are real roots of ∆ = 0; r = r + corresponds to the event horizon and r = r − is the location of the Cauchy horizon. In the extremal case, a 2 = M 2 , r + and r − agree with each other, and there is only one degenerate event horizon. In the case of a 2 > M 2 , i.e., a naked singularity or a superspinar, there is no real root of ∆ = 0, and correspondingly no event horizon exists. Now, following [22] , we introduce,
so that Eq. (3) becomes
where, using F = E −s(s+1), we have introduceds = −s andλ = λ + 2s = E + a 2 ω 2 − 2amω −s(s + 1).
QUASI-NORMAL STABILITY OF NEAR EXTREMAL SUPERSPINARS
We consider a near-extremal Kerr spacetime and hence we write the Kerr parameter in the form a = M (1 − ǫ), assuming 0 < |ǫ| ≪ 1. The spacetime contains a superspinar in the case of ǫ < 0, whereas there is a black hole in the case of ǫ > 0.
In the case of black hole, it is known that the quasinormal mode (QNM) frequency ω approaches m/2M for m = l in the limit of ǫ → 0 + [12] . The numerical study in Ref. [18] has revealed that even in the superspinar case, the QNM frequency ω approaches m/2M for m = l modes in the limit ǫ → 0 − . Hence, hereafter we focus on the modes of m = l and assume
where p is a positive constant. We rewrite Eq. (6) in terms of the the dimensionless variables y := (r − M )/M andω := M ω as, 
where A and B are integration constants, and
is a constant. For the near-zone analysis, we keep terms only of leading order in ǫ and introduce a new radial variable, x := y − √ 2ǫ. The solution of Eq. (6) in the near-zone is expressed by using Gauss's hypergeometric
where σ :=2 √ 2ǫ and τ :=
and C and D are integration constants. As shown in [22] , the boundary condition for purely ingoing waves at the black hole boundary is given by R near lm = 1. If we compare our case with a black hole, then the term with C blows up for points close to the horizon. Thus (C = 0, D = 1) is the boundary condition for purely ingoing waves and hence C must be the reflection and D the transmission coefficient. Both solutions (9) and (10) are valid in the over-lapping region. In the limit y → 0, the solution (9) behaves asR lm → Ay −s−1/2+2iω+iδ + By −s−1/2+2iω−iδ . In the limit y → ∞, the solution (10) behaves asR lm → Ay −s−1/2+2iω+iδ + By −s−1/2+2iω−iδ , where A and B are given by
Thus, equating the two solutions in the overlapping region we get
From the far-zone solution (9), for y → ∞, we havẽ
Thus, together with Eq. (14) , the no-incoming wave condition, Z in = 0, leads to
Eq. (15) along with Eq. (12) and (13) gives us the expression of the QNM frequencies in term of the reflection and transmission coefficient at the Superspinar boundary. Substituting Eq. (12) and Eq. (13) into Eq. (15) we get
where f 1 , f 2 , f 3 , f 4 are given by
With C being the reflection coefficient and D the transmission coefficient, we have D 2 = 1 − C 2 . In the regime σ → 0, we can apply Stirling's formula to the above equations and simplify to get f 1 , f 2 , f 3 and f 4 respectively as
Putting this back in Eq. (16),
where we have defined
. Note that the particular use of casting the equation in this form is to shift all the dependence of σ to the term A. Writingω = a + ib and simplifying A we get A = (4τ /σ)s +2b+
Keeping consistent with the argument presented in [19] , we would take p < 1/2 from here onwards.
It should be noted that in the above equation, the term inside [...] is finite, but the term outside (4τ /σ)s +2b+ √ 2 sin (1/2−p)|ǫ| 1/2−p → ∞ since for p < 1/2, (4τ /σ) → ∞ and |ǫ| p−1/2 → ∞ in the limit ǫ → 0 ± and σ → 0. Simplifying Eq. (25) by substituting g 1 , g 2 , g 3 , g 4 , we get
and
Taking dividendo of Eq. (27) and rearranging we get
where
Following a similar analysis as [22] , we show that by taking −8ωτ = ρe iζ , the solution to the above equation is given by
Since we are working in the limit ω ∼ mω + , we can rewrite −8ωτ as −8ωτ = −4m(ω − m/2) , to obtain [23] 
Therefore it follows that the stability of the superspinar depends on the sign of sin ζ. It is evident from Eq. (31) that as A → ∞, q 3 → 1. It has already been shown in [19] that for ζ = − 1 2δ log (q 1 ), sin ζ > 0. If q 3 → 1, log (q 3 q 1 ) → log (q 1 ) and ζ → − 1 2δ log (q 1 ), and thus sin ζ > 0, irrespective of what C is. Thus, we conclude that the imaginary part of the QNM frequencies is always negative, except for the case C = 1. This is because our analysis stems from the limiting behaviour of σ in Eq. (31) and in the case of C = 1, (1−C) goes to 0 and hence the limiting behaviour of σ does not affect the analysis. This case must be solved exactly and our analysis is not suited for this case. It should also be noted here that for the case C = 0, Eq. (31) gives q 3 = 1 and hence stability is ensured as argued above, in agreement to the results of [19] . For the case C = 1, [18] has shown that the superspinar is unstable. Thus, in the entire parameter space of C, the extremal superspinar is stable for all boundary conditions except for the case C = 1 and a zero-measure set very close to it.
CONCLUSION
In [19] the question raised was, are there boundary conditions for which the Superspinar is stable? In answer to this, it was suggested that we can take the frequency as the input parameter and set the imaginary part of it to be negative, and then find values of C and D, the boundary parameters. Thus for a negative imaginary part of frequency there could exist an infinite set of (C, D) for which the superspinar might be stable. In the present analysis, the new result that comes out is that, irrespective of what C and D are, a near extremal Kerr Superspinar would almost always be stable except for the C = 1 case. The physical nature of the boundary corresponding to these boundary conditions is unclear at the moment and further study is required in this respect.
The present analysis is restricted to near extremal case for l = m modes. But our result shows that for this particular case, the Kerr superspinar is almost always stable, in contrast to previous studies which concluded them to unstable. We do not exactly know yet what the boundary condition for the Superspinar at r 0 would be in physical reality. The interesting part of our result is that irrespective of what that boundary condition is, near extremal Kerr superspinars with l = m modes would always be stable. With that being said, the statement in our earlier paper [19] is more strong since the argument could be extended to non-extremal case with l = m modes. An interesting question then arises, namely, how strongly the properties of a classical nakedly singular metric, such as e.g. mode stability, shadows, images etc, would depend on the existence of a central naked singularity itself, rather than there being a superspinar as the central exotic object. These issues will be discussed separately in a different paper.
